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Abstract In this work, we study the spectrum of the normalized Laplacian and its
regularized version for random geometric graphs (RGGs) in different scaling regimes.
We consider n nodes distributed uniformly and independently on the d-dimensional
torus T¢ = [0, 1]¢ and form an RGG by connecting two nodes when their /,,-distance,
1 < p < o0, does not exceed a certain threshold r,,. Two scaling regimes for r,, are of
special interest. One of these is the connectivity regime, in which the average vertex
degree grows logarithmically in n. The second scaling regime is the thermodynamic
regime, in which the average vertex degree is a constant. When d is fixed and n — oo,
we prove that the limiting eigenvalue distribution (LED) of the normalized Laplacian
matrix of RGGs converges to the Dirac distribution at one in the full range of the
connectivity regime. In the thermodynamic regime, we propose an approximation for
the LED and we provide a bound on the Levy distance between this approximation
and the actual distribution. In particular, we show that the LED of the regularized
normalized Laplacian matrix of an RGG can be approximated by the LED of the
regularized normalized Laplacian of a deterministic geometric graph with nodes in a
grid (DGG).
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1 Introduction

The spectra of random matrices and random graphs have been extensively studied in
the literature [1-5]. Spectral graph methods have become a fundamental tool in the
analysis of large complex networks, and related disciplines, with a broad range of
applications in telecommunication, machine learning, data mining, and web search.
The first natural random graph model of complex networks is an Erdos-Rényi (ER)
random graph [6] where edges between nodes appear with equal probabilities. This
model has many appealing analytical properties but does not model important fea-
tures of many real complex networks. In particular, the ER graph fails in describing
clustering properties of graphs in which the geographical distance is a critical factor,
as for example wireless ad-hoc network [7], sensor network [8], and the study of the
dynamics of a viral spreading in a specific network of interactions [9], [10]. To prop-
erly model such networks, we consider a special class of graphs known as random
geometric graphs (RGGs) [11]. Another very important motivation for the study of
RGGs is their applications to statistics and learning. Many clustering techniques such
as the nearest-neighbor technique in statistics and machine learning are based on the
spatial structure of RGGs [12], [13].

Let us precisely define the RGG studied in this work. We consider a finite set X,
of n nodes, z1, ..., x,, distributed uniformly and independently on the d-dimensional
torus T¢ = [0, 1]. Taking a torus T? instead of a cube allows us not to consider
boundary effects. Given a geographical distance r, > 0, we form a graph by con-
necting two nodes z;,z; € X, if the ¢,-distance between them is at most ry,, i.e.,
lz; — 2|, < rp with p € [1, 00] (that is, either p € [1, 00) or p = 00), see Fig. 1(a).
Here ||.||,, is the £,-metric on R? defined as

1/p
(Zios 12 =2 ) for p € [1,00),

max{| xgk) —:c;-k) [, 1 <k <d} for p= oo,

s = 2l =

where the case p = 2 gives the standard Euclidean metric on R%. When p = oo,
the maximum distance between two nodes is called the Chebyshev distance. Such
graphs, denoted by G(X,,,r,), are called RGGs and are extensively discussed in
[11]. Typically, the function r,, is chosen such that r,, — 0 when n — oco. Unlike ER
graphs, the RGG is an inherently harder model to work with since the nature of the
graph induces dependencies between edges.

The degree of a vertex in G(X,,, r,,) is the number of edges incident to it. Let #(%)
denote the volume of the d-dimensional unit hypersphere in T¢. Then, the average
vertex degree in G(X,,r,) is equal to a,, = G(d)m"f,f [11]. Often, RGGs present
different properties depending on the average vertex degree a,,. Two different scaling
regimes for a,, are of particular interest in this work. The first one is the connectivity
regime, in which the average vertex degree a,, grows logarithmically in n or faster,
i.e., 2(log(n))! [11]. In real-world applications, networks may consist of several
disconnected components, e.g., social interaction networks [14] and web graphs [15].

! The notation f(n) = £2(g(n)) indicates that f(n) is bounded below by g(n) asymptotically, i.e.,
3K > 0and n, € Nsuch that Vn > ng f(n) > Kg(n).
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In this case, the network structure falls in the thermodynamic regime. Therefore, the
second scaling regime of interest is the thermodynamic regime, in which the average
vertex degree is a constant v, i.e., a, =y [11].

RGGs can be described by a variety of random matrices such as adjacency matri-
ces, transition probability matrices and normalized Laplacian. The spectral properties
of those random matrices are fundamental tools to predict and analyze complex net-
works behavior. The work in [16] investigates the combinatorial Laplacian spectra
of RGGs and shows that the spectrum consists of both discrete and continuous parts.
The discrete part of the spectrum is a collection of Dirac delta peaks at integer values.
The work in [17] shows that the peaks appear mainly due to the existence of sym-
metric motifs? that occur abundantly in RGGs compared to ER graphs. Other works
analyzed the symmetric motifs in RGGs and looked at the probabilities of their ap-
pearance [18].

Several works analyzed the spectra of Euclidean random matrices given by H,, =
f(I ; — z; ||2) when n and d grows large for different functions f [19], [20].
However, the obtained results cannot be applied to our problem as we assume that the
dimension d stays fixed. The work in [20] also studies the LED of Euclidean random
matrices H,, when the dimension d remains fixed. It shows under some conditions
that in fact the LED of H,, converges to the Dirac distribution at 0. However, the
results in [20] require the continuity of the function f and they cannot be applied to
the step function considered in this work.

Regarding spectral properties of the adjacency matrix of RGGs, in [21] and [22],
the authors show that the spectral distribution of the adjacency matrix has a limit in
the thermodynamic regime as n — co. Due to the difficulty to compute exactly this
spectral measure, the work in [21] proposes an approximation for it as v — oco. In [9],
a closed form expression for the asymptotic spectral moments of the adjacency matrix
of G(X,,, ) is derived in the connectivity regime. Then, an analytical upper bound
for the spectral radius is derived in order to study the behavior of the viral infection
in an RGG. Furthermore, the author in [23] shows that in the connectivity regime,
the spectral measures of the transition probability matrix of the random walk in an
RGG and in a deterministic geometric graph with nodes in a grid (DGG) converge to
the same limit as n — co. However, the author in [23] does not study the full range
of the connectivity regime and in the proof of his result, a condition is enforced on
the radius 7, using the concept of the minimum bottleneck matching distance. The
condition enforced on 7,, in [23] implies that for ¢ > 0, the result holds only for
RGGs with an average vertex degree a,, that scales as 2 (log®(n)y/n), when d = 1,
as 2 (log%“(n)) when d = 2, as 2 (log' ™*(n)) for d > 3.

Compared to [23], in this work we study the LED of the normalized Laplacian
for RGGs in the connectivity regime for a wider range of scaling laws of the average
vertex degree a,,, or equivalently a wider range of scaling laws of the radius r<. More
specifically, for d > 1, we show that the LEDs of the normalized Laplacian for RGGs
and for DGGs converge to same limit when a,, = 2(log(n)). Additionally, we extend
the work in [23] and study the LED of the normalized Laplacian for RGGs formed
by using any £,-metric, p € [1, co]. Importantly, we study the LED of the normal-

2 Symmetric motifs are subsets of nodes which have the same adjacencies.
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ized Laplacian for RGGs in the thermodynamic regime. To overcome the problem
of singularities due to isolated nodes in the thermodynamic regime, we investigate
the LED of the normalized Laplacian on a modified graph by adding auxiliary edges
among all the nodes with a certain weight. The corresponding normalized Laplacian
is known as the regularized normalized Laplacian [24].

To the best of our knowledge, explicit expressions for the LED of the combina-
torial Laplacian and normalized Laplacian for RGGs are still not known in the full
range of the scaling laws for the radius r¢ in the connectivity regime, nor in the
thermodynamic regime. In this work, we extend the work in [23] in various ways.
Namely, we provide a bound on the Levy distance between the DGG-based approx-
imation and the actual distribution. More precisely, in the connectivity regime, we
prove that the LEDs of the normalized Laplacian for an RGG and for a DGG converge
to the same limit in the full range of scaling law for a,, as n — oo. This result holds
for any ¢,-metric and any fixed dimension d > 1. In addition, we show that when
an > log't¢(n) for € > 0, the rate of convergence is O (1/n(@=/12108()=1) n
particular, we show that, when the average vertex degree a,, = clog(n), for ¢ > 24,
the rate of convergence is O (1 / ne/ 12’1), and when ¢ < 24, a slower rate of con-
vergence holds and scales as O (1/n). When the graph is dense, i.e., a,, scales as
£2(n), the LED of the normalized Laplacian for an RGG converges with the rate of
convergence O (ne‘"/ 12). Finally, by using the Chebyshev distance, i.e., {,,-metric,
we show that the LED of the normalized Laplacian of an RGG converges to the Dirac
distribution at one in the full range of the connectivity regime as n — co. In the ther-
modynamic regime, we show that the LED of the regularized normalized Laplacian
of an RGG obtained by using any £,-metric can be approximated by the LED of the
regularized normalized Laplacian of a DGG, with an error bound dependent upon the
average vertex degree. Then, by using the Chebyshev distance, we provide an ana-
Iytical approximation for the eigenvalues of the regularized normalized Laplacian for
an RGG in the thermodynamic case.

The rest of this paper is organized as follows. In Section 2, we first describe the
model, then we prove our main results on the concentration of the spectral measure
of large RGGs. In particular, we provide an approximation for the eigenvalues of the
regularized normalized Laplacian matrix in the thermodynamic regime, and we give
its exact LED in the connectivity regime. Numerical results are given in Section 3 to
validate the theoretical results by comparing the LED obtained analytically and by
simulation. Finally, conclusions and implications are drawn in Section 4.

2 Spectral Analysis of Random Geometric Graphs

In this section, we study the spectrum of the regularized normalized Laplacian matrix
of G(X,,r,) in the connectivity and thermodynamic regimes under any ¢,-metric
as d remains fixed and n — oo. One important approach to study the spectrum of
G (X, ry) is based on analyzing the spectrum of a DGG [23]. As for RGGs, we let
D,, be the set of n grid nodes that are at the intersections of all parallel hyperplanes
with separation n~'/%, and define a deterministic graph G (D, 1y) in the grid by
connecting two nodes z;, = € D, if || z; — 2} [|,< 7, for p € [1,00], see Fig.
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(@) (b)
Fig. 1 Tllustration of an RGG (a) and a DGG (b) for n = 16.

1(b). Given two nodes in G(X,,,r,) or G(D,,r,), we assume that there is always
at most one edge between them. There is no edge from a vertex to itself. Moreover,
we assume that the edges are not directed. In the following, we define the normalized
Laplacian matrix for G(X,,, r,) and G(D,,, 1)

Let NV (z;) be the set of neighbors of vertex x; in G(X,,,r,) and N (z}) be the
set of neighbors of vertex z; in G(D,,, r,). Let £L(X,,) and L(D,,) be the normalized
Laplacian matrices for G(X,,, r,) and G(D,,, r,, ), respectively, with entries,

R ) N N U/ Sk S
N(z:)N(z;)’ (Pr)ig = 0% N(z))N(z,) @

z J

L(Xy)ij = 6i5 —

where N(z;) and N(z}) are the sizes of the two sets M (z;) and NV (z}), respectively,
and 9;; is the Kronecker delta function. The term x[x; ~ ;] takes unit value when
there is an edge between nodes x; and z; in G(X,,, ) and zero otherwise, i.e.,

L wi— gl < e, i
X[zi ~ x5] = {07 otherwise.

A similar definition holds for x[z} ~ 2] defined over the nodes in G(Dy,, 7).
Recall that a,, denotes the average vertex degree in G(X,,,r,,) and, in particular,
in the thermodynamic regime a,, = <y for a constant . In G(D,,,r,,), the number
of neighbors of each vertex is the same. For simplicity, we denote this number by

a,, = N(z}). In particular, in the thermodynamic regime N(z}) = 7. We have also

Nz, 27) = 3 xlwi ~ zj]x[z; ~ 2] < a5 Vi, j.
J

Note that the above formal definition of the normalized Laplacian in (1) requires
G(X,,r,) and G(D,,r,) not to have isolated vertices. To overcome the problem
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of singularities due to isolated vertices in the termodynamic regime, we follow the
scheme proposed in [24]. It corresponds to the normalized Laplacian matrix on a
modified graph constructed by adding auxiliary edges among all the nodes with
weight = > 0. Specifically, the entries of the normalized Laplacian matrices are
modified as

i~ ]+ sy o Xl ]
V(N(z;) + a)(N(z;) + a)’ £(Dn)ia = 0y (al, + « ’

3e

. x|z
L(Xn)ij = bij—

The corresponding matrices are referred to as the regularized normalized Lapla-
cian matrices [24]. Observe that for « = 0, (2) reduces to (1). The matrices ﬁ(Xn)
and E(Dn) are symmetric, and consequently, their spectra consist of real eigenvalues.
We denote by {/i;,i = 1,..,n} and {\;,i = 1,..,n} the sets of all real eigenvalues of
the real symmetric square matrices £(X,,) and £(D,,) of order n, respectively. Then,
the empirical spectral distribution functions of £(X,,) and £(D,,) are defined as

n n
1

N 1 N N
FE(@) = =3y <), and FEPY (@) = — 3 THA < a),

i=1 i=1

where I{B} denotes the indicator of an event B. To show that FEDn) js g good ap-

proximation for FE(%2) when n is large in both the connectivity and thermodynamic
regimes, we use the Levy distance between the two distribution functions defined as
follows.

Definition 1 ([25], page 257) (Levy Distance) Let F'4 and I'Z be two distribution
functions on R. The Levy distance L(F“4, FB) is defined as the infimum of all posi-
tive € such that, for all x € R,

FAo—€)—e<FB(z) < FAz+4e)+e

Lemma 1 ([2], page 614) (Difference Inequality) Let A and B be two n x n Hermi-
tian matrices with eigenvalues \1, ..., A\, and ji1, ..., jin, respectively. Then,

1
L3(FA, FB) < —tr(A - B)?,
n

where L(F A FB ) denotes the Levy distance between the empirical distribution func-
tions FA and FB of the eigenvalues of A and B, respectively.

In the following Lemma 2, we upper bound the Levy distance between the distri-
bution functions F~(*») and F£(P») for any average vertex degree a,,.

Lemma 2 (Upper Bound on the Levy Distance between FELX) gpd FE(DR) ) For
d > 1 and p € [1,00], the Levy distance between the distribution functions F £(Xn)
and F*P») is ypper bounded as follows:
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(X[xi ~ x;] + 9)2 b

3 (X (D 1 t
L# (PE) pEPn)) < ng (N(z;) + a)(N(z;) +a)  n(al, +a)?

%

» (;N(Ii7$;)+aZN(Ii)Jraa;LJraQ)
(@), +a) (zm)

n(a;, + a)? ’

where b = na!, + o + 2aal,.
Proof See Appendix A.

We note that in the thermodynamic regime, for d > 1, the Levy distance between
the distribution functions F~(¥») and F£(P») is upper bounded as in Lemma 2 by
letting a,, = -y being a positive constant. When the graph is connected, it is not nec-
essary to work with the regularized normalized Laplacian, but we consider only the
normalized Laplacian in (1) by enforcing o = 0 in (2). Therefore, in the connectivity
regime, the Levy distance between the distribution functions F4(*») and F£(P») is
bounded as follows:

3 (FC(X) LD, )) ZZN ‘Nﬂ?a i/
(z;)N al,
2 N(zi,z})
a l 2
" (S VNG

Next, we state a general theorem on the concentration of the regularized normal-
ized Laplacian for any average vertex degree a,,. Then, we specify the result for both
the connectivity and thermodynamic regimes.

Theorem 1 (Concentration Theorem for the Regularized Normalized Laplacian Ma-

’ 2 2
trix in RGGs) Ford > 1, p € [1,00] and t > max {4(71:(2@'2)4‘?3;40‘ , 8("2(2(10;)i5r240‘ ]
the inequality holds:

P {L? (FEX), FEPD) > 1} < 2P {

+2P{

tn(a, + «)?
P n— Nz > n 77 L
+ {Z la ’> 3 }

Proof See Appendix B.

16

SN () — nag| > t”@'n*a)}

2 4n2
S tn(an, + a)2 4a” na, 3)
8(1+ 22)

) — nay,
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Based on Theorem 1, we state the following corollary on the concentration of the
regularized normalized Laplacian in RGGs specific to the thermodynamic regime.

Corollary 1 (Concentration of the Regularized Normalized Laplacian in the Ther-

modynamic Regime) In the thermodynamic regime, i.e., a, = <y finite, for d > 1,
’ 2 2
p € [1,00] and t > max [4(":(2“?)42;40‘ ; 8(n:(2$2l;;4a

P{u (peepeo0) o ) < TR

}, we get

where ¥ = [0D +2(n — 2)(0@)2rd].

Under the conditions described above, for every t > max [ﬁ, (%?_71)2 as
n — 0o,
lim P {L3 (Fﬁmg Fﬁwn)) > t} —0.

n— 00

Proof See Appendix C.

In the thermodynamic regime, F£(P») approximates F£(*») with an error bound

of max %, % when n — oo and a@ — 0, which in particular implies that the error

bound becomes small for large values of the degree.

In the following Lemma 3, we provide a lower bound on the degree of the vertices
in G(D,,, ), useful for the following studies.

Lemma 3 (Lower Bound on the Vertex Degree of the DGG) For any chosen {,,-metric

. 1+1/
withp € [1,00], d > 1 and a,, > 23(17_1?, we have

/ an
U 2 i+

where a,, is the average vertex degree of G(X,,,r,) and al, is the degree of each
vertex in G(Dy,,ry).

Proof See Appendix D.

The following theorem shows that the LED of the normalized Laplacian for the
RGG and the DGG converges to the same limit in the connectivity regime as n — co.

Theorem 2 (Concentration of the Normalized Laplacian in the Connectivity Regime)

In the connectivity regime, i.e., a,, = 2(log(n)), for a,, > 2407 >1,pe[l,o0

2d—1 7
qit+i/e
a

andt > 8 , we have

n

. [320(n —1)¥ (an —1n)
3 L(X), L(D,,
P{L (F ( ),F ( )) >t}§m1n |:m2(,y+a)2,6nexp <—12 s

where 9 = [0D +2(n — 2)(0D)2rd] .
Under the conditions described above, for every t > 0,
lim P {L3 (F“Xn),F‘(Dn)) > t} — 0.

n—oo

Proof See Appendix C.
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We have 9 < 0(Dq,, (é + 2) and t > 8d " then,

4301y 3200 409 40019 (a%, +2)
tn2a2 tna2  na,dtl/r nd*1/r 7

and on 6

B= = :

exp (“" {1 - Z—:D nm[kﬁ]q

therefore,
P{r? (P, pEP) >t} < min w0 (5, +2) 0

’ ndl+1/p ’ nﬁg(n)h—%]q

Note that, when a,, = clog (n), ¢ > 24, then B < A and the rate of convergence
is O (1/n°/1271), and when ¢ < 24, the rate of convergence is O (1/n). For e > 0
and a,, > log' " (n), the rate of convergence is O (1/n(an/121°8 (")=1) When the
graph is dense, i.e., a,, scales as {2(n), the LED of the normalized Laplacian of the
RGG converges to the Dirac measure at one with rate of convergence O (ne*"/ 12).
Hence, the result given in Theorem 2 shows that the LEDs of the normalized Lapla-
cian for G(X,,,r,) and G(D,,, r,,) converge to the same limit as n — oo under any
chosen ¢,-metric, and the convergence holds in the full range of the connectivity
regime, i.e, a,, = 2(log(n)).

In the following, we use the structure of the DGG to approximate the eigenvalues
of the regularized normalized Laplacian matrix for G(X,,,r,) in both the connec-
tivity and thermodynamic regimes using the Chebyshev distance. Let us consider a
d-dimensional DGG with n = N¢ nodes and assume the use of the Chebyshev dis-
tance. Then, the degree of a vertex in G(D,,, r,,) is given as [16]

= (2k, +1)% =1, with k, = |[Nr,],

where |xz] is the integer part, i.e., the greatest integer less than or equal to =. Note
that when d = 1, the Chebyshev distance and the Euclidean distance are the same.

In the following Lemma 4, by using the expression of the eigenvalues of the
adjacency matrix for a DGG under the Chebyshev distance [16], we approximate the
eigenvalues of the regularized normalized Laplacian for G(X,, r,,) when the number
of nodes n is fixed and for any a,,. Then, we utilize this result to determine the LED of
the normalized Laplacian in the connectivity regime as n — oo in Corollary 2, and
we provide the analytical approximation for the eigenvalues in the thermodynamic
regime as n goes to infinity in Corollary 3.

Lemma 4 (Eigenvalue Distribution of the Regularized Normalized Laplacian Ma-
trix) When using the Chebyshev distance and d > 1, the eigenvalues of L(D,,) are
given by

:\ml 4 1 H sin( ™ 7r(a +1)1/4) N 1—bmy... ma
’ I+ a) sin( ) (a!, + )

N C))

s:l
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withmy,...,mq € {0,..N — 1} and Oma,...mqg = 1 when my, ..., mq = 0 otherwise
Smy.omg = 0. In(4), n =N<, a!, = (2k,, + 1) — Land k,, = |Nr,, |.

n

Proof See Appendix E.

In the following Corollary 2, we provide the eigenvalue distribution of the nor-
malized Laplacian matrix for G(X,,, r,,) in the connectivity regime as a,, > 2d'T1/P
and n — oo.

Corollary 2 (Eigenvalue Distribution of the Normalized Laplacian Matrix in the
Connectivity Regime) In the connectivity regime, i.e., a, = §2(log(n)), using the
Chebyshev distance, a,, > 2d' TP, d > 1, and letting o — 0, the eigenvalues of
L(D,,) are given by

MY,y.eey maqg — al Sin(msw) a’ ’
n og—1 N n

withmy,...,mq € {0,..N=1}. In(5),n = N¢ a/, = (2k,+1)*~1 and k,, = |Nr,,].
Then, in particular, as n — oo, the LED of L(D,,) converges to the Dirac measure

at one.

In the following Corollary 3, we approximate the eigenvalues of the regularized
normalized Laplacian £(X},) in the thermodynamic regime as n — oo.

Corollary 3 (Eigenvalues of the Regularized Normalized Laplacian in the Thermo-
dynamic Regime) In the thermodynamic regime, by using the Chebyshev distance,
v>1landd > 1, asn — oo, the eigenvalues of L(D,,) are given by

1 H sin(7 fs (v + 1)1/d> 1 —ady,,..fa (6)

v + «) o sin(m fs) Y + )

where s € {1,...,d}, ms € {0,...,N} and f, = 5 in QN [0, 1] with Q denotes
the set of rational numbers. Also, 7' = (2 |y*/| + 1)? — 1 and &y, ... 5, = 1 when
f1s -y fa = 0 otherwise oy, .. 7, = 0.

Afiynfa =1—

In Lemma 4, we generalize the results given in [23], [20] and [21]. On one hand,
in [23], the author shows that the spectral measures of the transition probability ma-
trix of the random walk in RGGs and DGGs converge to the same limit in a specific
range of the connectivity regime. On the other hand, in [20], the author shows that,
for a fixed dimension d and n — oo, the LED of H,, = f(|| ; — z; ||2) converges
to the Dirac measure in zero under some conditions on the function f. However, the
techniques used in [20] cannot be applied to geometric graphs since the function f is
required to be continuous. Additionally, the author of [21] characterizes the spectral
measure of a normalized adjacency matrix in the dense regime. In contrast, in this
work we study the LED of the normalized Laplacian matrix for an RGG formed by
using any £,-metric, 1 < p < oo, and we show that it converges to the same limit as
for the normalized Laplacian for a DGG in the full range of the connectivity regime
as n — oo. In particular, we show that they converge to the Dirac measure at one as
n goes to infinity in the full range of the connectivity regime.
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3 Numerical Results

In this section, we validate our analytical results obtained in Section 2 by numerical
computations.

More specifically, we corroborate our results on the spectrum of the regular-
ized normalized Laplacian matrix of RGGs in the connectivity and thermodynamic
regimes by comparing the simulated and the analytical spectra.

Fig. 2(a) illustrates the empirical spectral distribution in the thermodynamic regime
of a realization for an RGG with n = 30000 vertices, @ = 0.001 and the correspond-
ing DGG. The theoretical distribution is obtained from Corollary 3. We notice that
the gap that appears between the eigenvalue distributions of the RGG and the DGG
is upper bounded as in Corollary 1.

Here, we provide an additional example in the thermodynamic regime to quantify
the error between F~(*») and F~(P») for different values of -y using the Chebyshev
distance.

1) When v = 100 and o = 1073, d = 1 then as n — oo

P {L?’ (FW“"), F‘f(%) > 0.019} 0.

2) When v = 120 and o = 1073, d = 1 then as n — oo

P {L3 (F'é(X"),F’j(D")) > 0.015} 0.

From these examples, we notice that for v = 100, the LED of the regularized
normalized Laplacian in the RGG can be approximated by the LED of a DGG with
an error bound of 0.019 when o = 1073. Then, as we increase the average vertex
degree 7y to v = 120, we can notice a certain improvement. Therefore, the larger the
average vertex degree - is, the tighter the approximation becomes.

In Fig. 2(b) we compare the spectral distribution of a DGG (continuous lines)
with the one for an RGG with increasing the number of nodes n (dashed line for
n = 500 and star markers for n = 30000) in the connectivity regime. We notice
that the curves corresponding to the RGG and the DGG match very well when n is
large which confirm the concentration result given in Theorem 2. Also, it appears that
by increasing n, the eigenvalue distribution converges to the Dirac measure at one,
which confirms the result obtained in Corollary 2.

4 Conclusion

In this work, we studied in details the spectrum of RGGs in both the connectivity
and thermodynamic regimes. In particular, we analyzed the LED of the regularized
normalized Laplacian of RGGs. We first proposed an approximation for the LED and
obtained a bound on the Levy distance between this approximation and the actual
distribution. In the thermodynamic regime, where the average vertex degree is fixed,
we found that the LEDs of the regularized normalized Laplacian matrix for an RGG
can be approximated by the LED of a DGG. Then, we found that the LEDs of the
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Empirical CDF

] :
— Simulated DGG — Analytical CDF for a DGG n=500 |
. ted RGG — = Simulated RGG n=500 *
sl Simualte 0.8 Analytical CDF for a DGG n=30000 % |
N # Analytical CDF for DGG || * Simulated RGG n=30000 *
*
¥
AU.G r AO.G r o) 1
X 3
(g w
0.4+ 0.4+ 1
0.2+ 0.2
0 [of, . |
0.6 0.8 1 1.2 1.4 0 05 1 15
X X
(a) Thermodynamic regime, v = 12, n = 30000 and (b) Connectivity regime for different n and r,, =
_ 3
a = 0.001. log2 (n)/n.

Fig. 2 Comparison between the simulated and the analytical spectral distributions of an RGG for d = 1.

normalized Laplacian for an RGG and for a DGG converge to the Dirac measure at
one in the full range of the connectivity regime.

As future works, we will analyze the LED of the adjacency matrix in both the
connectivity and thermodynamic regimes to derive their eigenvalue distributions. Fur-
thermore, we intend to apply these theoretical results to test the hypothesis that a
complex network has underlying geometric structure, or to analyze the spectral di-
mension of a network.
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Appendices

A Proof of Lemma 2

In this Appendix, we upper bound the Levy distance between the distribution functions F' £(Xn) and
FL£(Pn) The following lemma is useful for the following studies.

Lemma 5 Ifa; > 0andb; > 0 for all i, and there exists an a; > 0, then

>
i=1 " S b
i=1

In the following, we upper bound the Levy distance between FEXn) and (D),
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L3 (F‘f(Xn), F‘iwm) < %Trace [ﬁ(xn) - fj(Dn)]2

1 Xlzi ~ 5] + B X[z} ~ x;] +e
" ZZ [V (N(z:) + )(N(zj) +0)  /(ap, +a)(af, +a)

2
! (i~ +2)° (i~ 2)
Z Z N(xz) + Oé)(N(,Z’7) + O[) + (a;l + Oé)2

2

xloi ~ 2]+ 2) (Xl ~ 2] + 2)
Zz(a +a) /(N(zi) + a)(N(z;) + a)

2 (Z N(zs, z}) + SN IN(w;) + aal, + a2>
i i

(a) b
S / a - 2
(an +a) n(al, + a) (Z«/N(:ri)Jra)
(X g IJ] + )
T ZZ(N(xZ N(z) + a)
® |1 (los ~ 2]+ 9)* b
S 022 M) T (NG 7)) e, £ o

" ) 2 (z N(z,z}) + 2 ?N(xi) +ad), +a2)
n(aj, + ) (Z \/W) ?

n(al, + a)?
where, b = nal, + 2aal, + o2. Step (a) follows from oxlzi ~ x;] = N(xy), ox[z} ~ )] =
J J
ay,, N(zg, ) = Z X[zs ~ zj]x[x} ~ 2, } and Lemma 5. By applying the triangle inequality, step (b)

)

follows. O

B Proof of Theorem 1

In this appendix, we provide an upper bound for the probability that the Levy distance between the distri-

4(n+2a)a;+4a2 8(n+2a)a, +4a?
n(a%+a)2 ’ n(an+a)?

bution functions F£(¥n) and F£(Pn) i higher than ¢t > max [

(xlei~ 2] +2)°
Z Z (N(z;) + o)(N(zj) + )  n(al, + )2
2 (Z N(z;, 2}) + & 3 N(z;) + cay, + a2)

7 7
- 5 >t

(e, + ) (£ VNG +a)

P {L3 (wan),Fﬁ(Dn)) > t} <p {

2b
n(ay, +a)?

X[xz ~ ;] + )2 - b
ZZ (N(zi) + )(N(z;) +«)  n(af, +a)?

S
2
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2 (Z N(z;,27) + & 3 N(z;) + aay, + a2>

2b 3 7 7 N t
n(al, + a)? n(al, + a) (Z \/W)Z 2
Define,
y 2(ENGuE) 8 DN +ad, +a?)
n(aj, +a)2 ’

ey +) (2 m)

and

X[Il"’m]]‘f' ) b
ZZ (N(zi) + o) (N( J>+a>*n<aa+a>2 '

t
In the following, we upper bound P {A > 5} and P {B > > }

t
First, we write P {A > 5} as

2 (S Nwio) + § £ NG+ ad) +a?)
P{A>§}:P n(aﬁa)f ot (Z\/W)Q >3
(@ + o) | S NGa) + 8 DNG) +ad 02| |
=P 2 b
(3 vaETE)

2
@) p {b <Z vV N(z;) +a> —(al, + @) ZN(J@,,x;) + %ZN($Z)

4

t / 2 2
+ aal, +o¢2} > tn(an + ) (Z \/N(zi)—i-a) }
:p{(b_W) (x Tﬁg

(al, + @) [Z N(=zi,x}) + % ZN({Z‘Z) + aal, + aQ] } .

Note that Z N(z;,2;) < najy, and N(x;) < n.Then, instep (a) for n sufficiently large, we remove

k2
the absolute value because

N(z;, N
zi: (@i, @ Z)+ Z (1) + aaj, +o? na!, + an + aal, + o2

2
14 @ 4 a a)
<(+“" TV SY
a?
a

- (1+270‘+n£L>n2a B
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tn(a; 2 4 4 8
Notice from the last equality that, tnlan + )7 >bet> nap, + 4o + 8aaj, . Then
n(ay, + a)?
t 4nal, + 4a? + 8aal
P{A>—}=0fort> nan + 407 + Saay, )
2 n(al, + a)?

t
We continue further by bounding P {B > 2 } as

A 1 X[xzw%]‘i’ ) _ b 12
P{B>§}_P ZZ (N(z;) + a)(N(z;) + @) n(al, + a)? o 2

(Xlwi ~ ;] + 2)° (xlmi ~ 5] + £)?

:P{ *ZZ < N@)+O(N@)+a)  (an+a)?
vl 27\ b |t
( 2

(an + )2 n(al, + a)?

+

(xlwi ~ ;] + 2)* (X[zi ~ ;] + £)? t

sP *ZZ ( (N(zi) +a)(N(zj) +a)  (an +a)? ) 1
[zi ~zj] + 2)? b i
+P ZZ X an—i-]oz _n(a%+0¢)2 >Z

Let
n s (an + a)? n(al, +a)2|’

and

(e~ 2]+ 2?2 (s ~ ]+ 2)2
ZZ( (@) + ) (N(z;) + ) (an + )2 )

t
First, for t > 4na;, +40® +8aa;, , we write P {Bl > Z} as

t t
In the following, we upper bound the two probabilities P {B1 > Z} and P {Bz > 1 }
n(al,+a)?
~z]+ o )

e R P . = ]!

ar2  blan + a)? nt(an + a)?
_P{ZZ<X[xi~xj]+n) - ((a/Jra))Q > ( . ) }
i i n

il

Step (a) follows from > > (x[z: ~ =;] + %)2 =1+ 27‘") 5" N(z;) + a? and substituting the
i g i

| o+

t 2 —4a?
— nan n(anJra)a_nan}. ®)

4(1+22)

value of b.

t
We continue further by upper bounding the term P {Bg > 1 } as
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Xlwi ~ ]+ 9 (e ~ 5]+ 5)? tn
ples ) - { ((Nwz )+ NG +a)  (an+a)? >’>4}

[xLNI]-f— ) ( '~$']+%)2 tn
‘P{ZZ NG T ZZXHZ)QM}

X[z; ~ o [r1~x]+ )2 tn
+P{ZZ]_ZZ )(jN( )+a)>4}'

Define

(X[zi ~ 2]+ & [m2~11}+%)2
01 = ZZW 22 NG + ) N@) T @)

a:-~:c7]+ ( [mz"‘ﬂ?j (,):
oy s -3y sl Sf

an+a

t t
In the following, we upper bound P {01 > Xn} and P {02 > Zn} .

t
We start first with P {01 > Zn}

(x[zs ~ ;] + [x; ~xj] + %) tn
plo- - {ZZW—ZZ(NX NG >+a>>4}

(1—1—27—‘;‘)%:N(zi)+a2 N n

(a) (X[ms ~ x5] + £)?
<SP > -
PR (an + a)? (ZN(I¢)+HQ)Z(N($j)+a)
[3 J
1,42 T; a
ZZ X[xz~x3+%)2_ a{(a-&-n)%:N( i)+ } m
(an + a)? n(%ZN(IiHa)Z(N(%Ha) 4

J

a [(é +2) SN + a}

©p J 5 el 157 b
07 (an +a) n [(L +2) SN(a) + a] > (N(zj) + o)
7 J
Step (a) follows from Lemma 5 and step (b) from ( ) Z N(z;) +a >+ Z N(z;) + a.

P{Cl S th} P{(n+2a)ZN(zl) alan + a)? - tn?(an + a)? na2}

> N(z;) + na 4
J
<P{(n+2a) o(an + 0)?

(n+2a) nap — ————
> N(z;) + na
J

ZN((EZ) —nan|+

t2 2
>W‘”O‘2}'
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Then,

¢ 2 tn2 2 _ 4na?
P{Cl>—n}§P (n + 20) nan — a(an + @) N n?(an + @) no

> N(j) + na 8
J
2 4.2
p S tn(an + oz)2 4o .
8(1+22)
Let
tn(an + )2 — 402
C3 = n|>— >, 9
3= { —na s(1+2) )]

and

alan + a)?

D=|(n+2x)nap, — ————|.
ZN(xj)—i—noz
i

p {D < tn?(an + a)? — 4na?

2 tn2 2 _ 4na?
: }:P (n + 20) nan — alan + a) S n?(an + @) na

> N(z;) + na 8
J

(2 P { [(n + 2a) nan + Ano? - tn;(an + a)2:| X <Z N(z;) + na) > aan + a)2} .

J

alan + a)?

Step (a) follows from the inequality (n + 2a) nan, > ———
> N(z;) + na
J

. Notice that 8 (n + 2c) nan+

8(n+2a)an + 4a?

4na? < tn?(an + )2 &t > . Then,
n(an + a)?
tn? 2 —4na? 8 2 4a?
P{D> n’(an + )" — dna }:0f0rt> (n £ 20) an + da (10)
8 n(an + )2

t
Finally, we upper bound the remaining probability P {Cz > Zn} as

7 anJroz 4

(x[zi ~ ;] + (Xlzi ~ 2]+ 2)* _tn
{C'”*} {szmz)m]wxg ) +a) ZZ 7 >}
—P{ZZ(" ol ) ol )

(N(zj) + @)

(an + )2 4

(a) [Iz~$]+ 2)2 : (xlzi ~a;] + £)?
<P (ZZ X ’ a)2 ) (ZZ X(N(mj)]+a)2 )
i

_Zz<x[zi~m+z>2>m}
i

=

J

B> (s ~ ] + 9)° m}
i

(an + a)? 4
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[zi ~= (X[zi ~= 2)2 tn
plo>=r ZZ(X—] ZZ%>Z

1)
Step (a) follows from applying Cauchy-Schwarz inequality. Then

tn ) 2 1 1
P{CQ Z Z} sP ZZJ: (X[mi NIJHH) '(N(xi)Jra)?  (an + a)?
n(an 2
_P{Z!(an+a)2—(N($i)+a)2 > t(4+o<)}
p {Z lan — N(zi)|* + 2(an + @) Z lan — N(z;)| >

{Zan N(z;)|? W}+ZP{ ZN(mi)fnan

Finally, P {C1 > & 2l is upper bounded by the sum of (9) and (10). We Use this result combined

with the upper bound of P {Cz >t } given in (12) to upper bound the term P {Bg > } Then, apply
the new upper bound with (7) and (8) to upper bound (3) and therefore Theorem 1 follows

tn
>7
4

IN

tn(an + a)?
4

tn(an + )
> 16}. (12)

C Proof of Corollary 1 and Theorem 2

In this Appendix, we show that the LED of the regularized normalized Laplacian for a DGG is a good
approximation for the LED of the regularized normalized Laplacian for an RGG in both the connectivity
and thermodynamic regimes.

To upper bound the terms obtained in Theorem 1, we use the Chebyshev inequality. Notice that

>~ N(z;)/2 that appears in Theorem 1 counts the number of edges in G(Xy,rn). For convenience,
i

we denote > N(z;)/2 as &n. In order to apply the Chebyshev inequality, we determine the variance of
i
the number of edges, i.e.,Var(&y,) in the following lemma.

Lemma 6 (Variance of £n) When x1, ..., xy are i.i.d. uniformly distributed in the d-dimensional unit
torus T¢ = [0, 1]

Var (€n) < @ [0 +2(n — 2)(0)?rl]

Proof The proof follows along the same lines of Proposition A.1 in [26] when extended to a unit torus
and applied to i.i.d. and uniformly distributed nodes.

Let 9 = [G(d) +2(n —2)(6(D )2rd]. In the following, we upper bound the probabilities given in
Theorem 1 using Lemma 6 and the Chebyshev inequality. We start by upper bounding the first term as

tn(an + a)? — 402 }
P N(zi) —nan| > ———5—~—— —nan
e )

2
4(14 2
P{gn _Egnl >

tn(an + a)? — 402
s0+%) "“"}
82 (1 4 22)° Var(¢,)
"~ [tn(an + )2 — 402 — 8(1 + 270‘)nan]2
82 (14 22)2 (n— 1)19
n [tn(an + a)? — 4a2 — 8(1 + 2

)nan]27
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and
) tn(an + @) 322Var(&,,)
P{ ;N(zz) — nan| > 16 } < 2n2(an 1 @)
_ 322(n—1)9
= Poi(an )7 (13
Finally, we upper bound the last term as
2 2 )
P {ZIN(:vi) —an|? > "t(“";o‘)} <p <Z|N(zi) - an|> > W
= V| > (anta)Vni
_P{zi:|N(xz) an| > 3 }
Then,
Vg2 Milan £ o)? N (an + a)V/nt
P{zile(xl) anl? > < } < 2P{ ;N(%) nan| > 2220
(an + CY)\/TE
=2P n — E&p an TV
{|£ Enl > s }
64(n — 1)9 .

= tn2(ap + a)?’

Corollary 1 for the thermodynamic regime is obtained from upper bounding the terms in the r.h.s
of (3) in Theorem 1 obtained in (C), (13) and (14). In addition, by letting o« — 0, the provided upper
bounds hold in the connectivity case.

In the following, we propose a tighter upper bound for the Levy distance between F£(n) and
F£(Xn) in the connectivity regime. More precisely, the following upper bounds are tighter when the
average vertex degree scales as £2(log!¢(n)) or for a,, = clog(n) when ¢ > 24.

First, observe that the number of nodes that fall in an arbitrary interval of radius r, follows a binomial
distribution. Then in order to derive the distribution of N(xz;), we need to derive the distribution of the
nodes that fall in a ball centered in z;. To derive the distribution of N (z;) in the connectivity regime, we
throw at random a node which will be in a random position and we are left with n — 1 nodes. Then, we
take a ball of size 2ry,, centered around the thrown node. If we throw randomly the remaining n — 1 nodes,
then, N (z;) will be a random variable binomially distributed with parameters (n — 1,60(®r,,), i.e.,

n—1

P(N() =k) = ("

)(G(d)rn)k(l —0@r k=1 for k=0,..,n— 1.

To upper bound the terms in the r.h.s of (3) given in Theorem 1, we introduce upper bounds for a
binomially distributed random variable X appropriate for large deviations. These results play a key role to
establish the relation between F£(¥n) and F£(Pn),

Lemma 7 ([27], Theorem 2.1, page 26) Let X ~ Bin(n,p), EX = np, then
12
P{X >EX +1t} < N — t>0.
(r2x+o <o 2(Ex+t/3)> =

Lemma 8 (/27], corollary 2.3, page 27) Let X ~ Bin(n,p), EX =npand 0 < t < 3/2, then

t2
P{|X —EX| > tEX} < 2exp (—EIEX) .
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{2

We upper bound the first term in the r.h.s of (3) in Theorem 1 by using Lemmas 7 and 8 as follows:
tna2 (a) nta?2
4"—nan} <P Xi:|N(xi)—an|> 4"—nan

(®)
< nP{\N(:L‘Z) an| > tL —an}

— nan

4
ta2 ta2
42
<nexp | — (tan2 4) , fort>§.
Tn
16 (£ - 2p + 52-) an
(15)

Step (a) follows from

S
1

< > |z and step (b) from > IN(z;) — an| < n|N(z;) — anl.
i i

Now, instead of upper bounding the two last probabilities given in Theorem 1, we go back to Appendix
B and upper bound (11) by letting o — 0.

{C’2>—}<P sz '~IJ] ZZx 'Nm]] >th

= ”P{N(lxz-) B ig) g 1}

=nP {a2 — N(z;)? > M}

" 4

P{02 - th} :”P{[ai — N(z:)?] + % [an — N(z;)] > taj}

SnP{|a%— x;)? |> }+nP{|an—N(wl)\>a?n}

ta? _
< nP{—N(J}i)2 > % —ai} +nP{|an —rn — N(z;)| > %}

ta3
+nP < N(z;) > an —rn + ?"Jra%fan«#nl
2 taf’l 2 an — Tn
=nP{—N(z;)* > — —a;, p + nP ¢ |[N(z;) — EN(z;)| > 5
3

t
+nP { N(z;) > EN(z;) + % +a2 —ap+1mn

8
Then, applying Lemma 7 and 8 and for t > —, yields

n

P{Cz > tﬁ} < 2nexp (—M) + nexp —3an {\/m_l—i_%z]z
! 12 22— 2 4 /tan +1]

(16)

Finally, taking the upper bounds found by using the Chebyshev inequality in (C), (13) and (14)
combined with the upper bounds found by using Lemmas 7 and 8, i.e., (15), (16) all together, then by
applying Lemma 3 and letting « — 0, Theorem 2 follows. m}
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D Proof of Lemma 3

2di+1/p
In this appendix we show that for a,, > a1 and any £p-metric, p € [1, oo], the vertex degree a/,
of G(Dn, r) is lower bounded as
an ,
Sai+i/p = an

First, we show that (17) holds under the Chebyshev distance. Let an RGG and a DGG be obtained
by connecting two nodes if the Chebyshev distance between them is at most 7, > 0. Recall that the
Chebyshev distance corresponds to the metric given by the £oc-norm. Then, the degree of a d-dimensional
DGG with n nodes formed by using the Chebyshev distance is given by [16]

a, = (QLnl/drnJ + 1>d -1
_ (2\_a7ll/dj+1>d—1,

where | x| is the integer part, i.e., the greatest integer less than or equal to z.
For p = oo, we have

d
Z—Z < al, <> an < 2dal, <> an g2d(2La$/dJ +1) —2d

1/d d
= (an +2d) < 2d (2|_an |+ 1) .
Notice that La}/ dj > (a,l/ d_ 1), then it is sufficient to show that

d d
(an +2d) < 2d (2(ai/* = 1) +1)" = (an +2d) < 2d (20;/" =1)

d
<:>(i+i)< g L
2d  an/) — aL/d ’

By taking the log in both sides of the last inequality, yields

1 1 1
ln(—Jr—)gdln 2— —— .
2d  an llil/d

2d

Consequently, under the Chebyshev distance, (17) holds for an, > 53%5.

Next, we show that (17) holds under any £,-metric, p € [1, o0]. Let by, and b, be the degrees of an

RGG and a DGG formed by connecting each two nodes when d'/?||z; — x4 ||oo < 7. This simply means
n

that the graphs are obtained using the Chebyshev distance with a radius equal to d:ﬁ- Then, the degree
1/d d
o, = (2|6 +1)" 1.

2d
When p = oo, we have that (17) holds. Therefore, we deduce that for b,, > 2a—1' we get

of the DGG can be written as

bn,
2 <.
2d — "
Note that for any £,-metric with p € [1, c0) in R?, we have
i — 2llp < d/P|lz; — 2;]|oo-
Then the number of nodes aﬁl in the DGG that falls in the ball of radius 7, is greater or equal than b;l, ie.,

b, < a!,. Therefore,

bn _ Qan / /
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q1+1/p

Hence, for a,, > 2 Sa—1 > We get

an ,
2d1+1/p S dn-

E Proof of Lemma 4

In this appendix, we provide the eigenvalues of the regularized normalized Laplacian matrix for a DGG
using the Chebyshev distance. Then, the degree of a vertex in G(Dy, Ty ) is given as [16]

al, = (2kn +1)% — 1, with ky, = [Nry],

where |z | is the integer part, i.e., the greatest integer less than or equal to . The regularized normalized
Laplacian can be written as

~ 1 «
L(Dy)=1- A— 117, A
) =T v ™ na, + ) @

where I is the identity matrix, 17" = [1, ..., 1]T is the vector of all ones and A is the adjacency matrix
defined as
A= {lu |EZ _xj”p <rn, i#3, and p € [1,00],
7] 0, otherwise.

When d = 1, the adjacency matrix A of a DGG in T! with n nodes is a circulant matrix. A well
known result appearing in [28], states that the eigenvalues of a circulant matrix are given by the discrete
Fourier transform (DFT) of the first row of the matrix. When d > 1, the adjacency matrix of a DGG is
no longer circulant but it is block circulant with Nd—1 % N9-1 ¢irculant blocks, each of size N x N.
The author in [16], pages 85-87, utilizes the result in [28], and shows that the eigenvalues of the adjacency
matrix in T¢ are found by taking the d-dimensional DFT of an N tensor of rank d obtained from the first
block row of (A)

N-1

271
Amy,mg = D chl,...,hdexp(me.h), (18)

hi,..hg=0

where m and h are vectors of elements m; and h;, respectively, with m, ...,mqg € {0,1,..., N —1} and
Chi,...,h, defined as [16]

19

_J 0, for kn <hi,...hg <N—kp—1orhi,..hg=0,
Chiyhg = 1, otherwise.

The eigenvalues of the block circulant matrix A follow the spectral decomposition [16], page 86,
A =FHAF,

where A is a diagonal matrix whose entries are the eigenvalues of A, and F is the d-dimensional DFT
matrix. It is well known that when d = 1, the DFT of an n X n matrix is the matrix of the same size with
entries
1
For = —exp (—2mimk/n) for m,k ={0,1,....,.n — 1}.
k) \/ﬁ

When d > 1, the block circulant matrix A is diagonalized by the d-dimensional DFT matrix F =
Fn, @ ... @ Fu,., i.e., tensor product, where Fy,, is the Ng-point DFT matrix.

Notice that all the matrices in (A) have a common eigenvector that is (ﬁ, ey ﬁ) and this eigen-
vector coincides with the first row and column of F. Then, (ﬁ, ey %) is also an eigenvector of

£(Dy).
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The regularized normalized Laplacian can be expressed as

~ 1 o
L(Dn)=1- —— FIAF- —— 117
R P (e, + o)
—FH (If L Ao @ F11TFH)F
(a, +a) n(ay, + o)
=FH (I — ! A — na efel) F
(ay, +a) n(ay, + o)
=FHIAF, (20)

where e; = (1,0...0) and A; = (I — (a,nh_a) A — il ﬁ_a) ey e1) is a diagonal matrix whose diago-

nal elements are the eigenvalues of E(Dn) Then, from (20), the derivation of the eignevalues of ﬁ(Dn)
reduces to the derivation of the eigenvalues of the normalized adjacency matrix A’.
The normalized adjacency matrix A’ is defined as

A = éA
(ah, + )

By using (18) and (19), the eigenvalues of A’ for a DGG in T¢ are given as

N-1

. N—k,—1 .

1 2mimh Z 2mimh 1

P = — exp (— ) — exp (— ) —

B C A ) hl,'§d=o N hi, u,§=kn+1 N (an +a)
N—kp—1

1 2mimh 1
= nrw, X exp(‘ N )_(a’n+a>

hi,...,hg=kn+1

’ —
A'rrzl,,“,md - 7(0/ +Ol) H 2imgm - (a/ _,’_a)
n s=1 <,1+e N ) n
1 d (EZ””T-”(HM,) _e%kn) L
(a4 a) 11 (,H;”’%) (a}, + )
_ ﬁ sin( ms” (2kn + 1)) 1
" (d, +a) it sin(7%T) (al, + )’

Then, we conclude that the eigenvalues of ﬁ(Dn) for n finite are given by

L n(RECR D) 1 by,
Myemd (ah +a) -+ sin( ™) (ah, + @)

. o R b,
ML md (ah +a) sin( ™) (al, +a)

withmz,...,mq € {0,...N—1} and 0y ,...,m, = 1 whenmz, ..., mq = 0 otherwise dm ...,

mq
In particular, as o — 0, the eigenvalues of £(Dy,) in the connectivity regime are given by
d M () 1/d
1 sin(5= (e, + D)1
Amyymg =1— — ] B +—, @
an s—1 Sln( N ) a‘n

withmyq,...,mq € {0,...,N —1}.
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In the thermodynamic regime, for s € {0, ..., d} we let fs = % thenasn — oo, fs € QN [0, 1]
where Q denotes the set of rational numbers. Therefore, for v > 1, the eigenvalues of li(Xn) can be
approximated by the eigenvalues of £(Dy,) given as

ﬁ sin(rfs(v + DY) 1-adp, 5y

22
sin(rs) o ta) e

Aftyfa o o)

s=1

where v/ = (2 L’yl/dj +1)%—1and 3f,,.. = 1when f1,..., fg = 0, otherwise 67, .. s, =0. O
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